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Design of Infinite Impulse Response Digital Filters:
Bi-Linear Transformation
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Bilinear Transformation
The IIR filter design using approximation of derivatives
method and the impulse invariant method are appropriate
for the design of low-pass filters and band-pass filters
whose resonant frequencies are low. These techniques are
not suitable for high-pass or band-rgject filters. This
limitation is overcome in the mapping technique called
the bilinear transformation. This transformation is a one-
to-one mapping from the s-domain to z-domain. That is,
the bilinear transformation is of conforma mapping that
transforms the | Q-axis into the unit circle in the z-plane

only once thus avoiding aliasng of frequency
components.
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Bilinear Transformation
Also the transformation of a stable analog filter
results in a stable digital filter as all the poles in the

left half of the s-plane are mapped onto points inside
the unit circle of z-domain.

The bilinear transformation is obtained by using the
trapezoidal formula for numerical integration. Let the
system function of the analog filter be

Hig)w—2 ——— (1)

s+a
The differential equation describe the analog filter can
be obtain from equation(1) as
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Bilinear Tmns_fonnaﬁon

s Y(s)__ b
X(s) s+a.
sY(s) + aY(s) = bX(s) ---------- (2)
Taking inverse Laplace transform
diiﬂ +ay()=bx(t) """ (3)

Now Integrate the above equati'on between the limits
(nT-T) and nT

nT nT
I Mdt+ a I y(@)dt= b _l.xl(t}dt ______ (4)
= nT - T nT-T

The trapezoidal rule for the numerical integration Is
given by -
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Bilinear Tmnsfonnallon

ja(t dt— [a(nT)+a(nT ) ~=mmm=- (5)

nT-T7

Applying equatlon(S) N equatlon (4) we g,
y(nT) ~y(nT-T) +?y(nT) + —5— y(n_T -T)= —-2— x(nT) + —2— x(nT ~-T)

Taking z-transform , the system function of the digital
filteris mey=X& _s b e (6)

X(z) 2-(1 z'1]+a
A

Comparing equatlon(l) and (6) we get,
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Bilinear Transformation
The general characteristics of the mapping z=e5" can
be obtained by substituting s=c+]Q2 and expressing

the complex variable z in the polar form as z=re®in
equation(7) .. 3(2—1}=g[re-”” _1]

.T z+1 T rejm+]_

2 | . 2rsin ® )
- — 4+ ] — |m—————
T(1+r2+2rcosw I 1477 ¥ 2rcos © (8)

Therefore, .

O =

2 ré -1 3
T\14+47r2+2rcos® ) oeceeeeeoo (9)
2 \

( 2rsin ®

T\1+r*+2rcosw)

From eg. (9), It can be noted that If r<1, then ¢<0, and
If r>1, then 6>0. Thus the left haf of the s-plane maps
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Bilinear Transformation
Onto the points inside the unit circle in the z-plane
and the transformation results in a stable digital
system. Consider eg. (10), for unity magnitude(r=1),
o I1Szero. In this case,

\1+cosm)

§ 2sin 0/2 cos /2 __]
L cos? /2 + sin? 0/2 + cos? 0/2 - sin® ®/2

Q=

SR TESEL TS

« 1

e (11)
Or equivaently, . _ g4on-1 2T ------mm---- (12)
2

Q= —tan
/i
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Bilinear Transtormation
Example: Applying Bilinear transformation to

)= 2 with T = 0.1s.
" +D(E+3)

Solution:
For bilinear transformation, #®=H6)|,_z¢-v
= | 2 ’
(3(3‘1)+1](3(z‘1)+3)
T (z+1) T (z+1
Using T =0.1S, Hw - i
(20 U~ )+_1](20 (2 )+3]
(z+1) ; (z+1)
2(z+1)?%

T (21z-19) (232 - 17)

0.0041(1+ 27 )°

H(z2) = - =
1-1644z"" + 0.668 z
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